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Quasistatic and Dynamic Growth ofMicmscale Spherical Voids

T.e. T:=ng

Bm;~leyM.lCrialsR~h

Bm;dcy. CA 947().t. USA

This slUdy ClIOamino:s~ quas,sUlue -.nd dymmK; gnn>1h ofmicroscal~ sphencal \VIm. A

i~neral dymmk model of-'oid gnn>1h IS ftntdne~ by OOllSldering consen'''lOll ofloxal

energy, Hl<.:ludHlg eXlernal work. surfac~ ~nergy, kinetic energy. clastic straHl energy.•nd plastic

dissipation associated with growing void dri,'cn by hydrostatic tensile SlrcsS. It properly Kcounts

for m"erial compressibility and limited size of clastic deformation in dynamic growth of spherical

voids. A closed form of pressure_void size relation is obtained for quasistatic growth of spherical

voids embedded in non-strain hardening malerials. Critical condition is identified for unbounded

growth, which depends sirongly on initial void size, For subcriticalloading. a void ean only gmw to

a very limited size. An interesling crossover phenomenon is idClltifted pertaining to the influences

of yIeld stress on void gro",1h rate.

1. InlrodDction

Tbe~ of lIuel.-ation, grt/"'1b -.nd ooalnccnce of,~iob De the fundamental

mcchanlSlD ill ductile fracture. VOId llucleallOll can occur through decohcslOll beN~. ductik

matlU and §CWI>d-phas.e particlo:s (Needlet1Wl, 1987). or fracture ofbrinle partICles Ill. ductile

matlU. Th<:rt:~ indications tlutt l.InlCe defeeu m tIH: klIgth SClle of I\&llOll1CIa' can .150~ tIH:

embryo of void Ducation (Lubarda n.1.. 2(04). Once "oids hl,.., been nuclal",. they grow

through localized plaslic deformation. There~ t\>'O broad SIIbjcclS pcTUlnlng 10 ''Did gro..1h:

threshold cood'llon and d}namics of,'oid gro....th. On the flJSl wbjccL many~ .150 focU$Cd on

bIfurcation and instability. Needleman (1972) esm.lisbed a mood 10 d<$;ribe the growth of

spherical void in elastic-plastic medium. Chung et .1. (1987) investigated caV'lal1on b,furcal;OlI

under. remote hydrostatic tensile loadmg. and concluded that cavitalion pressure was of the order



of Young's modulus. Huang, Hutchinson, and Nccdleman (1991) addrcssed quasisul\ic cavitation

instabilities in elastic-plastic materials subjected to muhiaxial axisymmetric stressing and found

that the condition for unstable void growth depends on the attainment of a critical value of the mean

stress. Tvergaard and Hutchinson (1993) extended this analysis to a power hardening elastic-plastie

material and also concluded that the occurrence of cavitation instability depends primarily on the

level of the mean stress. Hou et al. (1999) considered effects of surface energy On quasistatic

growth of spherical and cylindrical voids. Tvergaard and Ilutchinson (2002) found that initial void

shape had little effect on the critical stress, Thus it appears that both deviations from the hydrostatic

statc and deviations from the spherical initial void can he neglected in the study of void growth (Wu

et aI., 2003).

llunter and Crozier (1968) and Crozier and Hunter (1970) addressed the dynamics of void

growth by considering compressibility in clastic-plastic material, and obtained similarity solmion

for steady-state growth. Most published studies on the dynamics ofvoid expansion take advantage

of material incompressibility. and primarily on spherical voids. Rice and Tracey (1969) employed

Rayleigh-Ritz approximation to a variational principle for the flow field in an elastically rigid and

incompressible plastic material containing a void, subjected to a remotely uniform stress and strain

rate field. For spherical voids, Carroll and Hoh (1972) addressed the dynamic collapse ofa void in

an ideally plastic material by using a hollow sphere model. Johnson (1981) extended this approach

to rate-dependent materials under hydrostatic tensile loading. The dynamic void collapse and void

growth in single crystals under uniform farfield stresses were studied analytically by Nemat-Nasser

and Hori (1987). Oniz and Molinari (1992) considered the dynamic growth of a single void in a

power-law hardening material from an energetic viewpoint. Cones (1992a) extended the spherical

shell approach to examine void growth under combined hydrostatic and deviatoric stresses in rigid

plastic materials; Cones (1992b) addressed strain hardening. rate sensitivity and thermal effeets of

the Johnson---{:ook type. but elasticity was neglected hecause of the assumption that plasticity would

quickly dominate the volume, Wang (1994) further extended this approaeb to model void growth in

rate-dependent materials. Wu, Ramesh and Wright (2003) included the influence of thermal

diffusion and thermal softening.
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There an: also $ludies based 00 micmmcchanks ofdislocations pertammg to wbilily aDd

dynamics of VOId growth (e.g.. SIn·ens el al.. 1972: Kameda, 19i9; Lubania el al.. 2QO.l; Ohuh'.

2OOS: AM el al.• 2006. 20(1). Tbese studles an: moslly focused 011 hip rale. high magnitlllk

loading (e.g., sbock) m ....h,ch deformation mechanisms associated .... th ~'Oid formation maybe

dlfferenl Dum regular loadIng at low rate. Based lIpOn d.!location micrornet:b.aIllC5, the pn:sent

autbor has StudIed the threshold condilion in IlcnCfllI macroscopic suns stale (Tszeng. 2007a), and

dynamic model ofttanslent growth (Tszcng 2007b) associaled Wilh cylindncal voids. Significanl

progress has also been achieved recently on void nucleation. growth and coalescence by thc

techniquc of atomistic and Molecular Dynamics simulations (e.g.. Rudd and Belak. 2002; Seppala

et al. 200S).

lbe subjccl ofdynamic expansiOll ofcyhndrical ,·oid bas hem mostly aVOIded in lIle past

By assuming ineompressibilJly. 11 can be si>o'A'n!hat IQU;I kinetic enoergy for.n exp;mding sphencal

,·0Id III K,. 2:r~l.? (Ortll: and Molinari, 1992: Wu ela!.. 2003)....~ R IS "0Id Bdius and .. 

dR/dt is the grow."tb rite. If the same procedure is applied to cyliDdrical ''Oid. the kinetic mergy

..·ovld be K _1f~I.? In ~ ' where R" IS the outer rmius ofdeformauon zone (Tszeng, 2oo7e).

Incompressibility requun R~ -+ «> and therdore kmet,c energy K is infin.le. In another way. stn:s:s

eqUilibrium in radial direction ofa c),lindrieal void can he wriUcn '" (CroZier and Hunter. 1970:

Tszeng, 2007e. d):

(I)

....here u, is BdJal MTtSI, R. milial void radIUS. G shear modulus. and p mass density.

Logarithmic s.lanty results from mtegratmll the Icrm$ ..... the right-hmd side ofEq. (I) In

.nfinlty.lt:!I implJcaoon IS. zero grov."tb rale for C)"hndncal '"old. Ob,",ousty. infinne deformation

zone is the underhmnS iSSlR!hat prr.eol5 the nonSlDgular solution. TbcTcl'0ft". Crozier and HUDler

(1970) and Warren (1999) declared lIlat DO phys.c:ally realistic !IOlution is possible for steady

d)namic expansion of IonI cylindrical cavities (plane-slram assumption) In.n lnoom~ible

J



elastoplastie medium. due to logarithmic stress divergence in the remote clastic field. Warren

(1999) examined the effects of strain rate on the model of Crozier and Hunter (1970) for cylindrical

void in stcady expansion. Just recently. Ma,ri and Durban (2006) challenged the declaration of

Crozier and Hunter (1970), and obtained ,elf-similar solutions to the model of steady-state growth

u,ing hypoela,tidty J, thoory. A disposable constant was used to removc stress singularity.

Unfonunately, as pointed out in Tszcng (2oo7c), there is a severe internal inconsistency that defeats

the validity of that model. That is. stress singularity docs exist. and the solution is approximate. at

the best. In the case of spherical void. stress equilibrium in radial direction is (Wu ct ai, 2003)

ocr, _20' _p(RR+2RR'
Or r r'

K'k'
2-,-)., (2)

Integrating the tcnns on the right-hand side of Eq. (2) to infinity does not lead to singularity. The

nonsingular solution is. however, an approximation valid for incompressible material,. It is believed

that considerations should be given to limited defonnation zone to cireumventthe same issue that

prevents proper de,cription of the dynamics of expanding cylindrical void,.

This paper examines the quasistatic and dynamic growth of spherical voids in sub-micron

length scales. A general dynamic model of void growth is fir,t developed by con,idering

conservation oflocal energy. ineluding external work. ,urface energy. kinetic energy, clastic strain

energy, and plastic dissipation associated with growing void driven by hydrostatic tensile stress.

Special attention i, placed on thc development of a proper expression of kinetic energy in the

material surrounding an cxpanding void. In Section 2. the governing equation of void growth is

established. Section J examines quasi'tatic growth and threshold condition,. Lastly. dynamic

growth is discussed in Section 4. with special emphasis on steady_state growth.

2. Dynamic Mlldel of Void Gro\Hh

A common difficulty to most dynamic models of void growth in the past stems from the fact

that defonnation extends to infinity for incompressible material. Recognizing this fact, Hunter and

Crozier (1968) considered compressibility in material surrounding an expanding void. They

,



obtained similarity solutions to the problem of steady gro .....th of spherical voids. Obviously, thc

solutions are limited in applicability.

The present approacb considcrs a system that contains a single spherical void embedded in

an infinite elastic-plastic matrix. Thc space is divided into several zoncs. including void itself,

incompressiblc plastic zone, compressible elastic zone. and undisturbed matcrial (Fig. 1). In the

following, equations are fonnulatcd for clastic and plastic zones in the frnme .....ork ofcontinuum.

Solutions are sought for plastic and elastic zones, respectively, witb proper continuity imposcd at

the interface. In particular, the radial stress on plastic-clastic interface is determined by the solution

of elastic zone. As will be further elaborated in Section 3, solution of radial stress On plastic-elastic

interface as obtained by Huntcr and Crozicr (1968) does not reconcile ..... ith the solutions based upon

near-incompressible materials or lo.....-rate growth. On the other hand. an approximate solution is

obtained, which is applicable for general dynamic, transient gro'WIh

2.1 Solution for Ihe plastic zone

A void has radius R at current time Ii; its surface moves outwards at radial velocity v (Fig.

I). Material gains kinetic energy associatcd with moving void surface. There is energy dissipation

due to plastic defortllation and surface energy expenditure for expanding void surface. The la ..... of

cnergy conservation states that,

(3)

whcre IV is input power done by externally applied stress/strain, t surface energy, k kinetic

energy, and <i> plastic dissipation. Elastic strain energy is neglected in plastic zone (will be

considered in the outer clastic zone; sec Sections 2.2. and 2.3). Eq. (3) says that surface cncrgy and

kinetic energy increase at the expense of extemally supplied energy, with additional energy

dissipating in plastic deformation.

The plastically defOffiling matrix has a radius D > R. The incremcntal displacement at the

outcr boundary of matrix material at radius D in a time interval dl is dl'. Assume the radial stress
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appears at f - 0 is 0'v' tne work done in plastic zone i, dW = 4!!D'0'odu, The explicit expre,sion

of 0'0 is detennined in Sections 2,2 and 23. By considering incompres,ibility of malerial between

Rand 0, radial velocity at f E (R, D) is (Carroll and Holt, 1972: Ortiz and Molinari, 1992)

v. _(Rlf)'v, (4)

R'
where v = dR 1dl i, void growlh rate, Radial velocity al the outeT surface ofmalrix is Vo =-. ,

D'

Therefore, rale of energy input to Ihe pla,lie zonc is

(5)

Changc of surface cnergy is wrillcn as d1 = '}tiS where r is ,urfacc encrgy density. Increase of

void surface dS = 411(R.;. dR)' -4Ji'R' = 8:rRdR. Hencc,

r = 8tryRv. (6)

Material in the vicinily of void ,urface gains velocily which is in lltc fonn ofEq, (4), Kinetic energy

d' . I d' dK 1 'dm 2 "d hcorrc.•pon mgloanrnCremenla rna,s at ra IUSf" ='2v, = 11fT v, f,W ere p

dcnsity. Total kinetic energy in pla,lic zone is

where a = 3(1-11 P), and /J = 01 R. In eontras!, tne counlerpart in a cylindrical void is

IS rna,s

(7)

,
K = ('f;::V?')(~ )a where a = 21np (Tszeng, 2007c). In bolh cases, the expres,ion preceding a

represents tnc mass of void. Again, lhe geometrical factor a defincs the influence of size of plastic

6



zone on the dynamics of void growth. The specific expression ofD will be discussed later;n this

section. Change in kinetic energy between I, and I, +dl. is

dK = ~lTpa(R +dR)'(v +dv)' -~lTpaRV.
3 3

Afler removing higher order tcrms, onc obtains the expression of changing rale of kinetic energy:

, ,,4,dv
K = 2ITpaR v +-trpaR v- (8)

3 d,

The last term in Eq. (3) is plastic dissipation, d>. Specific plastic dissipation rate, W' (dissipation

rate per unit volume). is

(9)

where if and t are the effective stress and effective strain rate, respectively. In plastic zone, elastic

strain is negleelCd; and total strain is equal to plastic strain; i.e., t '" t', For simple strain hardening

materials,

In the present case of spherical dcfonnation (Hou e1 a1.. 1999),

(10)

,"d

l=-F:"and
2 R' -R'

6, .. -26.--1n(1- ,'),
3 ,

(11)

7
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By Eqs. (9), (I 0), and (12), specific plastic dissipation rate per unit volume is

(13)

Total plastic dissipation rate associated with an expanding spherical void can now be written as

( 14)

Hence, incremental plastic dissipation is found to be

(15)

where equivalent flow stress, cT" is defined by

(16)

Eq. (16) can be funher convened in a form found in literature, By using Eq, (II) and some

Ib ' "LbbdrldfTh'age rale operations, It can"" SOwn t at - ~ -- 3 ,cretore,
r 2 exP(_f)_1

2

. (' f(e)df b - ,-ur--a, 3,werec,anc,
exp(-c)-l

2

are the c!Teehve strains at r - R and D, respectively.

By Eq. (11) again, f, = -21n(Ro/ R) = 21n(RI Ro ) is the strain on void surface, and

C, = E:, = ~ In(l _ R' -,R; ) corresponds to the strain on the boundary of plastic zone. In this
3 D

expression, cr is the strain at yielding (c, = u r I E), After swapping the integration limits, the

expression of equivalent flow stress in Eq, (16) becomes,

8



. rloU
.. ' 1(i}tH

(1, -(1, 3
• cXP(21)-1

Eqs. (5), (6), {8l, and (I 5) 8\ve the fonnula ofca~h term involving k><':ll energy

conservation. Placing them in Eq. (3). one obtains the ordinary diffcn:ntial equation:

(17)

(18)

This u the equaUQII go'-mung d)mmll': "oid gn'l'""th or. slDgle sphmcal "old embedded In mfwte:

matrix. The radial stress on YIeld surface, u". is yet (0 be identified in !i«l'ons 22 and 2.3.

In Eq, (18), the factor a is nOI determined either. The boundary ofplastk zone is defined

by the location at which C = t,. According tu Eq. (II). Ihe boundary nfplastic zone is located at

radius 0:

(19)

By the approxlll1lIlion I - cxp(- -i t:r ) .. %t:r ' one has the expression (I luang et al., 1991):

P --(!.",)~"" ' R R,or » ," (20a)

As. sIde~.Eq. (ZOlI) is actually valid for incompressible matcr1al$; the gcncn.l expresslOll ought

10 be (Hill, 1989).

P-IXI-")i-rr".

9
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This ratio is presumably a malerial eonSl3nl. Hence,

u =3[I-(3(I-v)e,)"'j (21 )

The equivalent flow Slress ii, of Eq. (17) is usually integrated numerically providing the

funetionfis specified. In ease a lime-stepping melhod is used for calculating the progress of void

size, ii, needs to be updaled accordingly for each lime step. As will be shown later, radial stress,

(T /)' is also dependent upon currenl solulion. and needs to be updaled,

2.2 Solution for the elastic zone - Sleady state

The objcctivc of this seclion is to delermine lhe radial slress, aD' on yield surface al r = D

in sleady Slate growth. The Solulion was obtained previously by Hunter and Crozier (1968). We

furnish the following formulation wilh additional purpose of laying lhe ground for developing a

competing model 10 be used for general, lransient void growth (Section 2.3), The solution is fi"t

soughl for lhe problem corresponding to a boundary problem in which constanl velocity is specified

on the inner boundary of elaslic zone. Superposition principle is then employed 10 determine the

radial stress, (T /). Identical results are obtained in an allemalive approach by solving the complete

equilibrium equation (Tszcng, 2007d),

The ouler boundary of elaSlic zone is determined by lhe travel dislanee ofdilalational elastie

wave whose speed is

,
C ",()_+2G", .

p
(22)

where .i is Lame elastic constanl, G shear modulus, and p mass density. It is assumed that void

grows from a negligibly small size. At time t, the localion of ouler boundary is given by C = c,l;

elastic zone is defined belween D and C (Fig. I) Similarity solution of particle displacemenl, u, in

lhe compressible elastic zone is obtained by Hunter and Crozier (1968) for sleady-Slate growth:



(23)

,
where the dimensionless similarity variable '/ =-,' and A is a coefficient independent of 1/.

'.
Particle velocity at a location r E (D, C) in clastic wne is v, • <lui dl. By using Eq. (23), it can be

shown that velocity in clastic zone is:

v, = A{-l +1/-') = A (C,I)',- r', (24)

Unlike Hunter and Crozier (1968), the present study assumes an incompressible plastic zone.

Particle velocity at the interface of clastic and plastic zone (r - D) is v0 '" ~: v. The coefficient A

can then be determined by imposing velocity continuity at elastic-plastic interface: the result is

,
A = V-I~""\::,

1 p'I/;'

where 'I••~ .Therefore, velocity field in elastic zone is
'.'

1-1/' R'
v. ='I'-pii,:,,: r' v.

On yield .urface, von Misc. yield criterion is

U.-U,=U,.

By Hooke', law,

II

(25)

(26)

(27)



E:O' .' II° -__I_a -l-. )=-u +-,
• I-v E' • I-v' D

Replace Eq, (28) in Eq. (27).1k ~1I1 mns is u. ",linm as

E II 1-"0, 0,.

1-2v D 1-21'

By Eq. (23) in conjunction ....lIh Eq, (2S). il can be sbo".... !hat

(28)

(29)

(30)

By combining Eqs. (29) and (30), the radial Stress induced by a specified velocity on the ;JlIlcr

boundary of clastic zone is

(ll)

11 can be: shovo'1llhiU ~Ll.l S~ ofEq. (31) is idmlicallO thaI ofHunla" and CrozIer (1968) in

stead)-SUItl: gro""th. For I material subj«1Cd 10 maclO5CUpic bydroswic stl'e$$ P. the SOIutIOlll CUI

be obcauled by SLntple ruperJJOSLUon; I.e•• rllJ • p·u•. ~f~.me,.-..:i.Lal suns on yield surf~.

(32)

The: cltprcssion ofEq. (32) can also be dcnvN by solving tile stress equilibrium in radlll d]J'~ction.

IS sho".... in a separate paper (Ts~cn8. 2007d).

By using Eqs. (lOb) and (22). Eq, (32) is further reduced to

12



where

2 p,u .. p--u --¢IV
" 3 r 2

(33)

(34)

The radial stress on yield surface. (1D' of Eq (33) is 10 be used in the governing equation of Eq.

(18) for stcady-state growth, The solution represented by Eq. (33) is exact. subjected to the

assumptions herein (Humor and Crozier, 1968). However, as will be furtber elaoorated in Se<:lion 3,

it does not reconcile with the solutions based upon incompressible materials,

2.3 Solution for the clnlio zone - Transient

The wlution presented in Section 2.2 is valid for steady-state growth. A competing bUlless

exact solution is now developed for general dynamic, transient growth In the present formulation,

plastic zone adjacent to clastic zone is assumed incompressible. Once the macroscopic Slress

exceeds a threshold condition, plastic zone is established immediately, Compressibility in elastic

zonc is considered in addressing the kinetic energy only; otherwise incompressibility is still

asswned in calculating elastic strain energy. The rationale is that dynamics ofan expanding void

have the greatest influence on kinetic energy. and less on elastic Slrain energy.

The formulation ;s in analogy to that of SC\:lion 2.1. Local energy conservation is in a fonn

similar to that of Eq. (2)

W=K+'+'. (35)

where W is input power done by externally applic<l stress/strain, K kinetic energy. and '¥ stmin

energy. Each tenn is formulated in the following. Total energy input to clastic zone is

13



IV = 47rR'(P-a D)V (36)

Total kinetie energy in elaslie zone is K = f2Jft:t"v;dr. Velocity field in clastic zOne is given by

Eq. (26) for steadY-Slale growth. Nonetheless, this equation describes a permissible velocity lhat

o;.alisfies boundary conditions. As an approximalion ......e use the same expression to describe lhe

snap shot of velocity field in elaslie zone al any time I; thaI is,

" 0 "oc"'c','C-o',,' R'
, (c,I)' D' r' "-

It is remarked that lhe velocity v needs nOllO be a constanl anymorc. It can be proven lhat lhe

eondilion of velocily continuity al elasti,-plasli, boundary also salisfics lhc yielding condition.

TOlal kinetic energy is oblain,d for ela'ti, zone betwcen D and c,I. Aftcr somc algebra operations,

the result is

,, ,"
K = (- rrpl? )(-'<

3 2'

where

(3+jJV)(l-jJe)
>e=

P(l+ jJej'

(38)

(39)

and normalized average gro"-1h rate v = _1_ fVdt =!i. Actually, v_/],. but it is more wnvenient
C,I c,I

10 use v for the cases of transient growth being dealt wilh in this seclion. Since Eq. (38) is in the

S:lme form of Eq. (7), it is casy to show thaI changing ralC in kinctie energy is

14



. ,,4 ,iN
K:2Jl;pJ(·v +-lfpli!l. v-

3 '"
'<0)

The~ leTm In Eq. (35) is r:ale ofelull(: stfam~, 'i' _SpecIfic r:lIlc ofJ~ln energy 'S In tM

$lime form of Eq. (9), C'Xcepllbe dfcetl\"C stras for tiDal" claslic response IS

u:u, if, for ese,.
<,

(41)

Because incompreSSlllility is mamed In consldenng clastic strain energy, stram ClIelJY nIt follows

thaI ofEqs. (13) and (14). That is

(42)

. . .,.\. 1\ . dr 1 de S· . IAgam. lDcomJlTC'SSI ,ny a ows us \0 wntl.' -. - 3 . mce C (S Ii,) IS a vCTY ima 1
r 2 cxp(_ifj_1

2

3 3 dr Ide .
number: c)[p(-l) .. l+-c. Therefore. -.---. Replacmg thIS expression In Eq. (42).

2 2 r 3l"

0/ __&rR'O',"rde "'.!'lR'U,v. "here !he proper mt.-gratJon limits are used. Therefore:.
3<, 3

(43)

Eqs. (36). (40) md. (43) gi\'e the fonnula oreach = in,."l,-mg local CfIf:Tg)' In elastlc zone.

Placing them m Eq. (35). ""I: obwn the: radJ.lI suns OIl yidd surface:

21 dill 1
a =P--u -(-pl.il.-+-p~v)

0 3 '3 d/l

\ S
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Combining Eq. (44) with Eq. (18), we obtain the governing equation for dynamic, transient void

growth. The development of a dynamic model of sphc,,-ieal void growth is thus completed.

3. Threshold condition and quuistatic ,'oid growlh

We first examine the situations that dynamics effects arc negligible. Many prior studies have

been devoted to e"aminc this subjcct. see review in Section 1 Among others, quasistatie grow,h of

spherical void has been studied by Huo et al (1999) who considered surface energy. Wu et al (2003)

also worked on the model with materials possessing various strain and strain-rate sensitivity_

However, that work docs not consider the effects of surface energy. The example calculations

presented in the following only involve non-straining materials; applications of the developed

model to more general material behaviors will be reported elsewhere.

By Eqs. (33) or (44), we recognize that radial stress on yielding surface in quasistatic grow,h

2a .P--a
" 3'

(45)

Eq. (18) is then simplified to the following equation if dynamic effects are dropped altogether:

2 2 f.... I,l f(i)di
P.-ay+-y+ay 3

3 R ' p(~1e" E:)-
2

(46)

Eq. (46) is in the same form as that of Huo ct al (1999) e"cept the lower limit of integration is s,

instead of zero in Hou et al (1999). The lower limit of Sy is the strain at boundary of plastic zone (y

= OJ Imegration ofEq. (46) is carried OUI for non-strain hardening materials; i,e" f(l) = I. By

changing variables. the analytical form ofimegration is:
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By integrating bcN'een afOremetllioned limlls...-e obtain~ relanOl1 between appliedp~.P,

and void size, R;

(48)

1115 surpnSlRg that. aner mauy papen published In htcnl\u~.theelosed fOl'rtl ofEq. (411) is obtained

. ~ 3 ) )
for Ihe: firsl time, Byapproximatmg 1- e%"'-2 Ii• .. 2t•.

P2r22 R~2- ,--+-+-In((l--,)-].
0'. R 0'. 3 3 R 3£.

(49)

Obviously. the dcnomllllllOl" becomes zero if lower lImit ofinlegration, Ii" 15 zero. Thus. the model

ofHuo et al. (1999) breaks down for single void cmbedded in infinite matrix (al zero void £mclion,

We first consider a hypothetical case III which surfacc ene.gy can be Ignored (y '" 0). For

illSlaDCC, systems "'lth large isola1ed voids ran !RIO this ClIlegory_Since Ihe: logarithmIC lenn on Ihe:

RHS of Eq. (49) rcpl'l:SClllS CIICTgy disslpa.lJon. II canoot be DCglII;'·C. AI lllilial yiddmg, zero

dissipation impltC$ bl{(I- R; )-'-1 = 0; and !be comspoodtng macn'I$COplC sm:s.s by Eq. (49) is
R 3<,

P • Ur. 3. That is, VOId SWb expansion by yieldlllg on ,'oid SlII"fatt al p. 2u. 3. 1ltc same

OOlICIUSlon can also be obtained by cxamining Eq. (4.5). On ,-oid mrfacc where mllial yielding

starts, !be radial SII'CSS is zero. 11, _11D .0. By Eq. (4.5).lhe COlTC'5pondlllg lTIlICT05IX>pic Stre5$ is
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P '" 2<7, /3. At the minimum macroscopic stress of P = my /3 for initial yielding, the condition of

In[(I- R~ )--2..]", 0 gives the new void sizc upon initial yielding as,
R 36,

(50)

At a typical value of E:, = 0.002, thc growth of void Sile is about 0.1%. Although 0.1% is a small

expansion. repeated loading Can raise the size indefinitely. For example, 1,000 cycles of loading at

minimum stress of p. 2<7, /3 result in 100% void expansion. On the other hand, at this absolute

minimum loading, the gro\l"h rate is zero (v - 0) and void does not grow at all in theory. At a

loading below the minimum stress, no plastic yielding ever takes place, and the system remains

entirely elastic.

For the hypothetical case of zero surface cncrgy, Fig. 2 shows the calculated results of

P / <7y versus normalized void radius, R / R. ' according to Eq, (49) for a rangc of yield plastic

strain E:r . The results in Fig. 2 are supposed to be identical to that of Huang et al. (1991). As shown,

cquilibrium void size increases very rapidly as the applied pressure approaching an asymptotic

value. Equil ibrium void sizc does oot exist for stress exceeding a so-called threshold stress, p.

(e.g .. Huang et at, 1991: Wu et aI., 2003). The threshold stress is obtained by letting R -> 00 in Eq.

(49): i,e"

(51 )

The threshold stress of Eq. (51) is identical to that of Huang et al. (1991) and others, Therefore, for

a loading P < p., void grows to a fittite, equilibrium size detennined by Eq. (49) (shown in Fig. 2).

Once loading exceeds the threshold stress P_, void can grow indefinitely with growth rate

detennined by the incnial associated with dynamic growth (see Section 4),
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involving surface energy.

With lero surface energy (r = 0 ) in Eq. (4'1), lhe eondilions R -> wand N, ---lo 0 lead to the

same resuhs of Eq. (51). The laUer is called eavilation lim;l (e.g., Huang et aL 1991). However, in

lighl of the complete formulation of Eq. (49) with effccts of surface energy. lhe eondilions R ---lo 00

and R. ---lo 0 arc nOl the Same. In lhe Ianer case. surface energy lerm, ~L, b«omes infinity for
R ",

void to grow from R. ---lo 0, II is nOl possible for cavitation to lake place from a malhemalical point

of zero Sill'. This conclusion is quile differenl from previous studies in lhis respect.

Void growth with effUlS of surface encrgy is shown in Fig. 3. For comparison purposcs,

rnalerial dala ofHuo ctal (1999) are used here; i.e., r=1 Jlm2, U y -200 MPa,E~ 130 GPa. and

maSS densily p - 8,950 Kg/m'. Since surface energy is significant only for vel)' small voids, initial

void radius, R., as small as 2 nm are shown in the figure (although lhe applicabilily of continuum

approach b«omes highly questionable at this small length seale). Overall, surface energy adds

additional requiremenl on applied stress to expand voids. As void grows much bigger. lhe term

~L, in Eq. (49) diminishes; the ratio PI <1 y approaches the asymptotic
R ",

valueofEq.(51)

Unlike the cases with r" 0 which is monotonic. an interesting characteristic in the curves

of PIu, ver,us R I R. in Fig. 3 is the existence of peaks. For cxample. for R. '" 5nm, PI Uy

reaches the peak value of 5,838 at RI R. = 1,328, allhough it takes lower stress P for the void to

conlinuc growing once void size pas. the peak Therefore. if the applied stress cxceeds thc peak

stress of PI Uy = 5.838. void b«ornes unstable and expansion continues indefinitely. We will call

this as lhe critical stress. <1" for unbounded void growth. The existence of crilical Slress is not

unexpected. Void growing from small initial sile needs to ovcrcome the resistance due to surface

energy (surface tension), which decreases with large void Sill', On the other hand. resistance duc to

clastic-plastic deformation increases with void sileo Therefore. there is a transilional void size at

which applied stress is balanced by surfacc cncrgy and plastic deformation, At that critical
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conciltKm. ,'Oitl does 001 groW. The mllcil condilion is com:spooding to dP dR. O.... here P is

gln'n by Eq. (49). II CUI be lbo,,'Jl !hItlhc m\JCII condition Ieadi to the followIng eqUlt>OD:

""",, R 15 "oid Size al cnucal condH.1011. Once thc cnnal ,'Ow size, R, ,is obtaJ.n<:d.lhc

correspondtng entical stress. <7.,;5 cllculalc:d by Eq. (49). TIle 100"C eqlllllOll IS solva!

numencally; and results are shoW1l in Fig. 4 for I range ofin;t;al void radius, R•. The influencc of

sp«llie surface energy r ;s llso shown. For thc void of initial size R. "Snm embedded in modcl

material w;lh <7 r • 200 MPa. lhc cotical stress is 1.16 GPa (5.838 (T, ) for r .. I. and 1.47 GP.

(7.349 (T .) for r = 2. Loading at the cavitation limil stress of Eq. (51) docs not lead 10 cavitation at

all, duc to lhc rapidly increasing surface energy lel11l ~L.1t does not lead 10 unboundcd growlh
R.,

from I small Initial void either. For a void 10 grow indefinitely. the applied Slress needs to o"en:ome

lhe aforememioned erilicalstress. <7,. 11 is liso rIOla! thaI the critical stresses com:spooding 10

differenl initial wid si«$ l:'"cnlually converge 10 I single asymptotic ulue allarge "oid size. whICh

is the threshold stress ofEq. (51).

WlIh lhc df<:c1S of surface energy belli! coosidefl:d. tnlUal y><:ldmg takes pia«: "I stress

hicna- tIwl P= 2a.! 3 qllOla! eariler Ac:cordtng to Eq. (49).lbe minimum stress for IRltial yielding

","OU1d be

2 2
P"'-r+-O"•.R 3

(52)

Aptn. the same expression ofEq. (52) can be obtained by examining Eq. (45). On vOId surface

where inilial yielding takes place. SUlfaee ene'iY leads to a surface normal traction of T. 2; ,
poinling loward void cenler (Gentlnd TompktnS. 1969). ThaI is, lhe radial Slress on void surface is
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u, = u v ~ 2y / R. By Eq. (45). th~ corr~sponding loading is P= 2y / R +2ur /3. This expression is

identical to Eq. (52). The dependency of macroscopic stress for initial yielding on void size is

calculated. and shown in Fig. 4 using data of model material. Obviously. the effects of surface

energy are dominant for the range ofvoid size considered in the figure. For void of radius R - 30

nm. contributions of surface energy and yield stress to the loading for initial yielding are equal (for

the model material); atlarg~r void size. the role of surface energy becomes Jess significant.

4. D)'narnic ,"oid growth

Dynamic ,"oid gro\\1h has been the subject of a number ofpapcrs, including Carroll (1972),

Cortes ct al (1992, 1995), Ortiz and Molinari (1992), Wu et al. (2003). The present model, as

represented by Eq. (18) in conjunction with Eq. (33) or (44), however, contains correction factor a

to account for the limited plastic zane surrounding a growing void; and K for compressible elastic

zonc. In light of these improvements, the results arc expected to be mare accurate than those in

existing literatures. Again, this srudy only examines DOD-strain hardening materials; morc general

applications of the developed model will be reported elsewhere. The considered loading is a

constant hydrostatic stress that is applied instantly at time zerO. This type of loading prevents the

additional effects of loading speed like that consid~red in Wu ct al. (2003). In the following, stcady

state growth will be examined first. followed by a brief discussion and example calculations of

transi~nt growth.

4.1 Steady_state grD"th

In stcady state gro\\1h, dR/dl - v = constant. Th~ two approaches of Sections 2.2 and 2.3

lead 10 different fonns of radial stress on yield surface. crD in Eq (33) and (44), respeclively.

Before engaging a full-flange comparison between Eqs. (33) and (44), it will prove rewarding to

examine the asymptotic condition of void growth at very low rate (v ---+ 0) or in materials with near

incompressibilily (c. -l-<Xl). In either case, we have the condition of v = vic. ---+ O. Replacing u D

from Eq. (33) into Eq. (18) for Sleady state growth, and assuming R »R"
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~(a+w)vl=p_p.. , (53)

where threshold stress p~ is given by Eq. (S 1). II ean be sbol'.n by using Eq. (34) that

w ---> ~~ (I + v)' as ;:; ---> 0 , For near-incompressible materials ( v ---> 1/2), w ---> 41 /3 ' On the other
/39 I-v

band. replacing (TD from Eq. (44) into Eq. (18) for steady state growth:

(54)

By u.ing Eq, (39), it i. easy to show that K ---> 3/ /3 as v ---> O. For incompressible materials, the

coefficient in parentheses on the LHS ofEq. (53) is (T + ; in contrast to a +~ in Eq. (54)

Accordingly, the model of Hunter and Crozier (1%8) gives lower steady-state growth rate in near

incomprcs>ible materials than that predicted by the model ofEq. (54),

For near-incompressible materials, deformation (clastic) wne extends to infinity in the same

way as has been addressed in the literatures. By integrating the terms On the RHS of Eq, (2) from R

to infinity, the result is 3; ,,'. Actually. the governing equation for near-incompressible materials

should have been "'Titten as:

(55)

This is the conventional model (e.g., Wu et aI., 2003, with added surface energy term), assuming

incompressibility for material surrounding an expanding void Ifone replace. the relation of

a = 3(1-11 /3) on the LHS ofEq. (54), the equation is then identical to Eq. (55). That is, the model

of Section 23 reconciles with the existing dynamic model for steady-state void growth in near

incompressible materials, Conversely, the model of Hunter and Crozier (1968) fails to do the same
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To further compare Ihe two approaches of Sections 2.2 (i.e., Eq. 33) and 2.3 (i.e., Eq, 44),

we are focused On the terms <lJ in Eq. (34) against .. in Eq. (39). The calculated resulls of these

lerms (PA' and {3w) are shown in Fig. 5(a) for Iwo values of Poisson's ratio (0,25 and 0.499999)

over a mngc ofgrowth rate v. The normalized growth rate" K 0, 144 for v = 600 mls based on a

Poisson's ratio I' = 0,25. As growlh rate v approaching zero, Ihe value of pI[ approaches to 3.

regardless oflhe value of Poisson's ralio, 1'. The value of {3w docs not converge at all. Since Ihe

value of PIC deviales from 3 al higher growth rate ", the difference increases between the present

model represented by Eq. (54) and Ihe conventional model of Eq, (55).

Fig. 5(b) shows the calculated normalized pressuTC, (P- P~)IIX;, versus growth rale, v.

Material data are takeD from the model malerial excepl the indicated Poisson's ralio. In Fig. 5(b),

the curve of v -4 0.5 by using the present model ofSeetion 2.3 (labeled Tszeng) is identical 10 the

conventional model: i,e., Eq, (55). Incompressible malerial requires higher pressure 10 reach Ihe

same growlh rale; due 10 larger clastic deformation zone (actually infmity). Although the results of

Tszeng differ only slightly from that of Hunter·Crozier. Ihe former is considered more favorable,

The ,eemly big discrepancy between K and (f) in Fig. 5(a) docs nOI translale w significant

difference in calculated pressure shown in fig. 5(b). The reaSOn is thaI the factor a is much larger

than I[ in Eq. (54) or (j) in Eq. (53): changes in factors ... or (f) do not significantly affect the

pressure P.

According to Eq, (54), void growth rate is mainly affected by the Ihreshold stress. p~, and

less by Ihe relative ,ize of plastic zone, a , That is the case when growth rate is modest, Note that

the threshold stress, p~ , is direelly related to yield Slress via Eq. (51). In the situation of P» p~,

howcver, Ihe role of relative size of plastic zone, a, becomes mOre significant. At certain point, the

higher yield Slress leads to a smaller value of a so much so that the growth rate becomes higher,

To make this point, fig, 6(a) shows thc macroscopic pressure. P, versus void growth ratc, v, for the

model material with IWO levels of yield stress: CT, - !OO MPa and 200 MPa, In Ihe regimc of low

pressure (therefore low growth rale), material wilh higher yield stress grows slower for the same

pressure, At a pressure P grealer than a crossover of 12.16 GPa, the contrary is true (although hard
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to read from the figure). That is, material with higher yield stress grows faster for the same pressure.

By using Eq. (54), the crossover growth ratc. v·. can be detennined by

v"=[ p..,-p.., J'.
; (a, + ~', -a, ~"')

(56)

In this expression. subscripts" I" and "2" denote the reference and comparison materials,

respecllvely. Since thc factor ... is a function of gro\VIh rate. Eq. (56) is solved numerically for

specified material data. Results of crossover growlh rate, v·, and pressure, P', are shown in Fig.

6(b) using our model matcrial as the reference material (a y - 200 MPa); comparison material has

yield stress ranging between 25 and 300 MPa, At a pressure P < p', (or v < v"), growth rate is

lower for materials with high yield stress. Conversely. at a pressure P > p •. (or v > v·), gro\VIh rate

is higher for materials with high yield stTCSS. Sincc Eq. (56) is fully symmetric with respect 10

reference and comparison materials, the roles of these materials ean be swapped. yet crossover

growth rate remains the same.

At this point, it calls for the remark that some of the calculations in the regime ofhigh

growlh rate shown in Fig. 6(a) and (b) are questionablc. According to Eq.(37), elastic zone is

bounded between r - D and c,I. At a growth rate v = c,1 f3, yield surface reachcs the dilatational

wavc front. According to Eq. (39), K = 0 for v ~ c,1 f3. The limiting growth rate of c, I f3 is shown

in Fig. 6(b) for the considered range of yield strength. As shown. majority of the calculations fall

beyond the limit. In order to better handle void growth at higher rate or high loading, the model has

to include conlpressibility in plastic zone, and/or allow discontinuity due to shockwave (Hunter and

Crozier. 1968). Since K =0 for v ~ c,1 f3, it is interesting to observc that radial stress on yield

surface, a f)' is the same as that in quasi static growth of Eq. (45).

4.2 Translenl gro''''h



In thc following dcvelopmcnt. the approach of Scction 2,3 is employed. The completc

govcrning equation is obtained by Eq, (18) with (1[) from Eq. (44):

I d'R p(a+K) dR , (2 2 R' 2 2 J-p{a+K)R-. (-) =p- -(1 +-(1 [n[(l------"--)-]+-y
3 dr' 2 dr 3 y 3 y R' 36y R

This equalion is so[vcd numerically. bccause K is a function ofavcragc growth ratc too. Only brief

applications oflhe modcl arc given below, furthcr discussion will be reported elsewhere.

According to Scction 3, a crilical stress (1, is identified, which corresponds to lhe peak in

the Curve ofslrcss vcrsus void size (see Fig 4). Thcoretically, thc critical stress approachcs thc

lhreshold streSS (or so-called cavitalion limit ,lrc,s) ofEq. (51) for infinitc void sizc. Two loading

levels are considered in thc following calculalions: suberitical (P < (1c) and supercritical loading (P

> (1c)' The critical slress is bascd on lhe initial void $ize, like thaI shown in Fig. 4. Il needs 10

clarify lhat lhc work of Wu et aL (2003) also considcrs supcn;rilical aod subcritical loadings, bUl

their critical Slrcss is lhresho[d SIIeSS (or cavitation limit slress) in our tcrminology.

For subcriticalloading, void starts growing oncc lhe RHS ofEq, (57) becomes positive, It

only grows to a Iimiled size smaller than lhe crilical size, As an examplc. for Ro - 5 nm, the crilical

slress (1, is 5,834(1. and critical void radius R, = 1.325R. -6.625 nm. Fig, 7(a) shows lhe growth

oflhe void subjected to a subcritica[ loading P = 5,7(1y < 5834(1y. The growth rale increases althe

moment load is applied: it reaches a maximum shortly, and SlaIlS dedining to zero, The void ceases

growing at R - 6.5 nm, whieh is lcss lhan thc critical radius R< of6,625 nm.

Fig, 7(b) shows lhc results when a supcrcritical loading P - 6<r, > 5.838(1, is applied. Void

continues growing beyond lhe erilical size which is 6.625 nm; and is expectcd 10 grow unbounded if

the conslantloading maintains unchanged. The grow rale is nOl monotonic though; it reaches a

plateau before resumeS increasing trend in the small time frame of0.1 ns, Thc lcmporary redUClion

in g.owth rate is due to the growing resislance of elastic-plastic deformation (which is zero in the
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beginning of growth). The critical condition is marked in Fig. 7(b), which indicates Ihat largest

resistance (relative sense) against void growth appears at critical condition. Fig. 8(a) shows growth

rate on void of inilial si7-e R. = 511m subje<:led to a range of macroscopic Siress. As shown,

macroscopic SITCSS highcr than 5.8<Ty leads to unbounded growth whereas a stress of 5 7u, d<l<'s

nOi. However, il is nOliced Ihatthe stress of 5.80" y is actually lower than the critical stress of

5.8340-, corresponding 10 R, ., Slim. The reason unbounded growth is found at a stress of

5.8uy < u, is that. in dynamic growth. void size may exceed the critical size corresponding 10

current void size before growth ceases. Growth rate for voids of a range of initial size is shown in

Fig. 8(b). The loading P is slightly higher than the critical stress <T, corresponding to void of

R. = 5/1m, but sufficiently greater than Ihose corrcsponding to R. = tnm or higher so that the

aforementioncd platcau docs not appear. For smaller void, the growth ceases shortly aller expansion

starts. The numerical results of Fig. 8 indicate that for supereritical loading, void growth rate

reaches a steady value at relatively large void size. This is discussed in previous scrtion.

To gain a better understanding of the void growth process, energy components ofEq•. (5),

(6), (8), and (15) fOrlhe plastic zone and Eqs. (36), (40) and (43) for elastic zone are calculated by

using the solved growth rate; results are shown in the fonn of area chart in Fig. 9. Each of the

components is nonnalized to the total energy supplied by the remotely applied pressure. Numerical

results indicated the sum of ealculated energy components by Eqs. (6), (8), and (15) is equal to the

total energy of Eq. (5) for plastic zone; similarly for clastic zone. This confinns that the equations

arc solved properly. According to Eq. (8), kinetic energy in plastic zone has two componcnts:

2'fpa.N'v' for inenia and (4/3)7rpaR'"r'dv / dr for accclcration. As sho",'11 in Fig. 9(a) for a pressure

slightly above the critical stress of <T, = 5.15GPa for void size N, = 10nm, surface energy and

kinetic energy for acceleration represent thc major energy expenditure at the beginning. Energy in

elastic zone is not negligible either. As void grows bigger, surface energy and. particularly, kinetic

energy associated with acceleration drop quickly. At the same time, plastic dissipation and kinetic

energy associated with inertia in plastic zone increase rapidly. Energy in elastic zone mainly spem

on elastic stnlin ~on~"'gy which maintains constant proportion: kinetic energy represents a very small

portion. As void becomes even bigger. energy expenditures are divided among plastic dissipation,
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kinetic CIlCfiY associau:d with inertia In plastic ZOIIo:. .ud o:l:ostic Slnin o:n<:rgy, Atlllgher loading, p,

Fia. 9(b) sho.....s higbcr proponlOO ofklno:tic o:ncrgy associated with UlCT1I.a In plnlle WIle, md

elut,e lOll<: a wo:ll.

The: P'upOitioa ofenergy e:xpmdJture In pl:ul:ic:oDd ebstie ZODCS mamUu.n5 COIlSbntas \'Did

becomes bl~, AcoorUing!(l Eq. (5). mIG ofeno:rgy input !(I pb.suc zone 10 lOt'! CTlCrIY pI'OVldcd

by ll1.KTO$CopLC stress P is aD P. As void aro"~ unlkr conSU.lIl mac:roseoplC stress P, 110"'111 flue

reaellC:S a sk~ mle nluo:. The: radIal Jb"C:SJ on )"Io:ld surface, u".~ a COIISWlt. KWI'd.mg

!(I Eq. (44), This explains the obsCf''Cd consl:lnt prnpnnioo ofenergy in plll5l1e and elastIC zooes,

We ean apply the similar tn:almalllO an other o:ncrgy oornpoDeDlS U I"ell.

5. Concluding Remarks

A mathcmatical model is e!;lablished to properly accounl for matcrial compressibility and

limited size ofclastic deformation in dynamic growth of spherical void. It corrects the issue of

o:~ces§ivekinetic energy expo:nditure in clastic lone. A list of most signi ficant remarks emerging

from the sludy is,

L The: steady-stale solutioo of radial strcJ5 00 yield surface obtained by Huoler and Croner (1968)

docs not =oncile with the solution assumma mcompressibility. em the olbcr hand. an I.pprox,malO:

solutIOn is do:>o'o:!opN. ""hl<'b can be used for gcncraI. tmlSicnt gJ"O"1II,

2. A closed fClml of the stress·,·oid size relat>on In quasislatic g:to'A1II is obIamcd for the first l1mc.1i

Jllo,o.~ mmal yiddUlg on ,'Old ~aee Wots p,," at P -lIlY for large \'DIm. For smalkr "oids ofa

fo:w IIUlOmCtcn in siR. mac:roseoplC S!fnS IItl:ds 10 OHIWllK a critICal StJ"CS5 for unbounded

110"'111. Cntial stress results from bijhcT surface energy at dccn::asing ,'Oid size Bued on the same

reason. a'1lallOn from "oid ofZCTl) ,i~ docs nol seem 10 be possible.

3. A Cf'OSSO\'er condition is ido:ntir~ pmainmg to lito: effects ofyidd stress on void growth rate, At

a gro",1h ralCistn:SS below the crossover condItion. higher yield stress (i.c., workllardcned) [cads 10

lower growth rate. Reversal is \rUC al growth ralc/stress exceeding Ihe croSSOVC1'.
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